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Brief introduction to Coherent Potential Approximation (CPA).

Expressing Kubo-Greenwood Equation using Green's Functions.

Obtaining a Kubo-Greenwood based conductivity expression within CPA formalism.
CPA Results

Cluster Averaged CPA (CA-CPA)

CA-CPA conductivity

Tests and limitations
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Coherent Potential Approximation (CPA)

[Gyorffy 1972, Stocks 1978]

Replace random alloy with an effective medium that mimics the ensemble average
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Multi-element alloy (several configurations) — Single element crystal (one
configuration)
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Single-Site Approximation

Assume complete randomness.
Species probability distribution = global concentration
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In terms of t and 7-matrices
T8pA(E) = camd™(E) (1)

-1

Ta"(E) = [L+ 1EbA(E)(ta M (E) = topa(E))] B (E) (@)
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Single-Site CPA - A few more definitions

We can define

nn nn — - -1
Di(E) = [1+78pA(E)(ts H(E) — topa(E))] 3)
N - — nn -1
Da = [1 + (tozl(E) - tCéA(E))TCPA(E)] (4)
The CPA condition can then be expressed as > ¢, D2"(E) = 1. Additionally,

Da"(E) = 1+ 7¢pa(E)x3"(E) (5)
Di'(E) = 1+ x3"(E)répa(E) (6)

The CPA condition can also be expressed as )", cax3"(E) =0, or (x) = 0.

5/29



Conductivity from First Principles

There are different approches to calculating conductivity from first principles
@ Boltzmann Transport Equation

Landauer Formula

o
o Kubo-Greenwood Formula
o

Non-equilibrium approaches
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Kubo and Kubo-Greenwood Formulas [Kubo 1957]

Considering Hamiltonian H = Hy — e >, Exri, and using linear response theory
(Ju = Re [0 (w)EQe™t]), we can express the conductivity at T =0 as

7) = s [ e (L0 (e e ")

where J is the current operator, V is the system volume and w is the frequency of the
E-field. For w =0 (DC), it can be shown that

Suler) = <Z<a|ju|a/><a'|jy|a>6(ep — ea)d(er —eu )> (8)

!
@, ensemble

where |a), |@) are eigenstates of the unperturbed Hamiltonian, the number of atoms is
N and Volume per Atom is (2.
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Kubo-Greenwood Formula using Green's Functions

We want
wh NN
Tuler) = v ( Sotaliula’) o livla)3(er — ca)dler — car) )
in terms of Green's Functions. Let's use
1 . .
za: @) (ald(er —€a) = = lim Im G(eF +i0) (10)
1 . .
la)d(ep —eq) = - 6@)10 Im G(er + id)|a) (11)
This gives us
ouw(€eF) = NG 6|i_r>n0 Tr (j,ImG(er + i6)j,ImG(eF + i0)) (12)

We now need to deal with the imaginary terms
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Imaginary Part

Use
. ) 1 : .
6|£>n0 Im G(ep +id) = o 6@)10 [G(ep +id) — G(ep — i6)] (13)
This gives us
ou(€eF) = NG 6|i_r>n0 [Guv(eF +i6,€F + i) + G (eF + 06, €F — i9) (14)
+6—HV(GF — i(5, €F + 15) + &;w(fF — i(5, €F — I(S)] (15)
where 5
Guv(21,22) = —mTrUuG(Zl)qu(z2)> (16)

From this point, whenever we refer to conductivity, we are talking about &.
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Calculating & - Position Basis

In position basis

(21, ) = ~—va d3r d3r’(jﬂ(r)G(r, r'.z1)j,(rG(r, r,2)) (17)
Using
. _ _ihe 0
rn)rn) ZZL rn’ TLL/ E)Z[l’ (rn7 E)? J/L(r) = a (18)
LL me 01’
we can write
Guv(z1,22) = Z Z L4L1 (22, 21) 7111, (21) 1, (21, 2) 7151, (22)) | (19)
mn Lylol3ly
where " 9
i / he 3 me m /
/ = —— Z — 777 2
e ?) =% [ &z 5z ) (20)
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Solving Approaches [Butler 1985]

Reprinting expression

Guv(z1, 22) = Z > Uz 2) T (2) I (21, 2) L () (21)
mn [1lol3ly
Now we have three approaches available to us
@ Calculate 6 for a supercell (computational intensive, impractical)

@ Using an effective medium (Coherent Potential Approximation)
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CPA Conductivity - Translational Symmetry

We want to express

Gu(21,22) = wNQZ Z L4L (22, 1)1, (21) 051, (21, 2) 751, (22))  (22)

mn Lylol3ly

within CPA. First, we can write the sum as

Gpv(21, 22) Z Z +o | UL (22 2)0LL (20) 051, (21, 2) 751, (22))
(23)
The CPA medium is uniform and has translation symmetry.
n0
Gu(21,22) = ——5 Z Y Ui (2, 2) L (@)L (21, 2) T, (2) | (24)
n Lilolsly
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Methodology

How to introduce CPA terms into 5,7 Use

T = Tcpa + Tcpa T Tcpa (25)

where T, which represents excess scattering can be written in terms of the following
series

T = X"0mn+ Y XTTEEA TP (26)
p#m

Averaging and ignoring some correlations

(T™) = (xX™)0mn+ Y _ (X" 7 (TP (27)
p#£m

Note that (x™) = 0 for a CPA site and (x™) = x® is site m is constrained to be of
species . This equation is applied repeatedly to get the final expression.
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Final Expressions

We can write § = 6% + 61, where

. K i} B .
&, (21,22) = ) Z cacpdiiy (22,21) | (1 —xw) Y J52VL3(21,22)
—_——
of Vertex Correction Lilalols

where

X(L1La),(La,L3) (21, 22) = O, /d k 71,15k, 21)Tis1,(Ks 22) = T1y1,(21) 150, (22) (28)

W(L1L4),(L2,L3)(Zl7 ) = Z CaXLle(Zl)XL3L4(Z2) (29)
T = DR IDR 1 < L < (hnax + 1) (30)
L

Note that these are fourth order tensors and we need to express them in terms of

second order.
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Vertex Corrections [Butler 1985]

The w matrix can also be approximated as

W(LiLa),(Lals)(Z1, 22) = (X111, (Z1)X1514(22)) = (X111,(21)) (X1514(22)) = 0 (31)

This results in (1 — xyw)™! ~ 1 - the vertex correction term gets neglected in this
approximation. Physical intuition for this can be gained by looking at the Boltzmann
equation

eEvy —— Zqu ) (32)

q 8eq

Ignoring vertex corrections is the same as ignoring the "scattering-in" term (second on
the RHS).
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Compressed Indices

We can combine two angular momentum indices into 1 in order to simplify calculations

~ h e — v
(21, 22) = - > caCa it (22.21) [(1 — xw) "Xk, I (21,22)
af

where KlT = (L4L1), K1 = (L1La), K2 = (L2L3). Now the x and w matrices are second
order tensors

X(LiLa)(La,L3) = XKiKa » W(L1Ls),(LaLls) = WKiK> (33)

where
1< K;i < (hnax + 1) (34)
Kl - (Imax + 1)2(L1 - ]-) + L4, K2 = (/max + 1)2(L2 - 1) + L3 (35)

16 /29



CuZn Resistivity
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Figure 1: LHS is a numerically obtained plot from Tulip et al, 2008. The dashed black line is the
single-site CPA resistivity. RHS is a MuST calculation, done at 96x96x96 Kpoints using LDA
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AgPd Resistivity
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Figure 2: LHS is numerically obtained from Tulip et al, 2008 (except the blue line, which is

experimental [Guenhault 1974]). The black dashed line is single-site resistivity. RHS is a MuST
calculation at 60x60x60 Kpoints using LDA
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AuPd Resistivity
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Figure 3: LHS is a plot taken from Banhart 1998. The line consisting of empty dots is the
non-relativistic single-site CPA resistivity. RHS is a MuST calculation done at 60x60x60
Kpoints using LDA.
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CuPd Resistivity
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Figure 4: LHS is a plot taken from Banhart 1998. The line consisting of empty triangles is the

non-relativistic single-site resistivity. RHS is a MuST calculation done at 60x60x60 Kpoints
using LDA.
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Cluster = central atom +

Embed an averaged cluster.

averaged neighbor atoms.

For central atom of species a,

Wo3 = chemical SRO parameters

(* Alternative techniques include ECM-CPA, Non-Local CPA, and others)
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Energy Analysis - CuZn
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. »
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CA-CPA Conductivity Expression

In this case, we can write & = 5% + 5, where

_1 1l ~
‘71(21, 2)=———= Z CacﬁJfﬁ’l (22, 21) [(1 —Xxw) IX] LTZLst Jiyizr(zhzz) (38)
aﬁ,lmzr
where
1 ik

Xanfﬂ La15(21, 22) = 5z /dsk 7L1L2(k721)7'L3L4(k722)elk (Ri=ReA-Rr =Rm) _ TL1L27L3L4

Imzr _ a,lz a,rm
Wiilglols (21, 22) = Z CaX[ 1, (Zl)XL2L3 (2) (39)
J?ﬁ’lml (z1,22) Z Da mOJI(_XZ‘, (z1, ZQ)DL,’L1 (40)

LL

1< L <(hnax +1)31< mzr < Np (41)
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CA-CPA Compressed Indices

The expression can be simplified into

~ 1 7 - i
Y (z1,2) = - Z CaCBJg;élT(Z]_,ZQ) [(1 - xw) X Ky K, Jng(Zl,Z2) (42)
aB

where CK," = ((m, 1), (LaL1)), CK1 = ((1, m), (L1, L4)), CKa = ((z, r), (L2L3))
XU Lals = XCKy,CKas Wit 1als = WCK1,CKa (43)
The relationship between the two index styles are
CK1 = (hmax + D*(Nr(/ = 1) + m = 1) + (hnax + 1)*(L1 — 1) + Ls (44)

CKo = (hnax + 1)*(Nr(z = 1) 4+ r — 1) 4 (hnax + 1)?(L2 — 1) + L3 (45)
1 < CK; < N2 (hpax +1)* (46)
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Comparison with NL-CPA conductivity expression

The conductivity expression for NL-CPA (which is another cluster based technique to

incorporate SRO) is very similar to our expression

1 - -
X = =3 | dki(K,:k)
Qp7x, Jq,
X e'Kn'(RRg) %(Kn;i’()eiKn-(R,;R,) — KAL)
(54)

Here, L;(0) is extracted by inverting a super matrix [1
—wy], which has a dimension N, X N.X N, XN, (N, speci-
fying the number of angular momentum quantum numbers).

By comparing Egs. (46) and (47) and using the definition
L, =0, the second term on the right hand side of Eq. (46)
vanishes. We thus find the intercluster contribution to the
conductivity to be

4m?
G 30 E 2 JLI,AI,AZ;;L([I

o, =—
uv h SQ
LJKL Ay, Ap Az Ay

- X(O)w]71X(o))kas,AA,AZJJK,As,A4;w (55)
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Sanity Check - CuZn

8x8x8 Kpoints, ASA, Imax =3
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o Set NF = 1 and Compare i ° Ef;cgt;iml?&;eilg;hbors
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as CPA and compare S o
. e-05- / ; .
with N = 1 case. <)
) a \
For further testing, we would ...
5e-06- / et -O- -
want to set w,3 = cg and see 4
if it matches CPA conductivity
1

" 1 " 1 " 1 " 1 " "
82 0.3 0.4 05 0.6 0.7 0.8
Cu concentration
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Computational Limitations

The SRO calculation is significantly more time consuming

‘ CPA Calculation at 8x8x8 ‘ SRO Calculation at 8x8x8 ‘
‘ ~ 30 seconds ‘ ~ 14 hours ‘

This is a problem as we need to use atleast a million kpoints to get convergent
conductivity values for CuZn.

Additionally, memory usage is very high for SRO calculation. For N = 9, the program
requires about 80 GB of memory (and 360 GB for N = 13, which is the first neighbor
cluster for an FCC system)
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Possible Approaches

© Reduce cluster size - use N = 3 or 4, instead of using the entire first neighbor shell
@ Identify systems that need fewer K-points to get a converged conductivity value

© There are many independent loops and can be parallelized to gain speed.
Additionally, the large arrays can be broken up into smaller segments and stored on

different processors.
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© The Kubo-Greenwood equation can be expressed in terms of Green's Functions
and MS Path Operators.

@ The KG conductivity equation can be adapted to the CPA formalism.
© CA-CPA can deal with SRO within CPA.

@ KG conductivity can be adapted to CA-CPA, but there are some computational
limitations.

In the future, we plan to implement relativistic versions of the conductivity expressions,
so that we can study spin transport (and exotic properties like anomalous hall effect)

Most of the single-site CPA conductivity theory comes from the following paper - W. H.
Butler, Phys. Rev. B 31, 3260 (1985)

Any questions?
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Appendix A: Kubo-Greenwood using Green's Functions

Starting with Kubo-Greenwood

ouv(€F) = <Z alju (Z o) {0/ |0(eF — €ar )> Jvlla)d(er — ea)]> (47)

Simplifying

ouw(er) =

" i <Z<aqumG(e,: +i6)j,ImG (eF + i5)|a>> (48)

TNQ s—0

Replacing the sum with trace, we can write

lim Tr (j,ImG(er + i9)j,ImG(er + i0)) (49)

h
() = 7NQ §—0
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Appendix C: Species 7 matrix (Obtaining CPA medium)

Previously it was mentioned that for the single-site approximation

P (e Z Catl" (50)
For a CPA medium with a single substitutional defect of species «, the 7-matrix can be
written as )
(€)= [1+78ha(e)(t5 M (€) — topal€))]  7hale) (51)
The CPA 7-matrix can be written as a fourier transform
1 ik (R.—
) = g [ Pk ltaha() (k0] R (52)

(50), (51) and (52) can be solved self-consistently to get the single-site CPA medium
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Appendix D: Performing CA-CPA calculations

The averaged cluster can be represented using block T-matrix. If the central atom is of
species «, the matrices T, and Tcpa is given by

() 0 0 0 0 0
f(‘;pA(E) 0 0 0 0 0 . 0
0 tcpA(E) 0 0 0 i (E 0
. : ta
0 tcpa(E) O 0 . . (£)

Tepa(E) = . 0 . 0 To(E) = : : 0 t(E) O - 0

: . : S : : : 0 &(E)

0 0 0 0o .- t(ij(E) 0

0 0 0 0 0 0 EQ(E)

The 7-matrix for a cluster embedded CPA medium is given by

w8ha(e) = ([1+ Topa() (T (€)= Toba ()] rorale))” (53)

(53), (52) and (51) can be combined to form a self-consistent CA-CPA algorithm
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Appendix E: Boltzmann Transport Equation [Kittel, Appendix F]

If the system has a distribution function fy(t, r, p), and due to collisions, becomes
f(t+dt,r+dr,p+ dp), then
df  of f—f

@9 YV, f VY f A —
dt 8t+vv ta-v T

(54)

This is the Boltzmann Transport Equation. For a concentration gradient along i, we
can write, in steady-state,

of ofy O0fg O

f=10fh- ,'—%f* ,'—%f* IS A
D — TV o 0 — TV or, D — TV a5 o, (55)
The particle flux density in direction j is given by
Ji= /0 vifD(€)de =~ _3r,/0 Tv,-vjaD(e)de (56)
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Appendix F: Simple Case - Drude Model

Consider fy = e #le=1) j = j = x, and T constant, then current is given by
U o, »
Je=erf ax/o vifoD(e)de erﬁax(vx) (57)

Here we want (v2) for all particles in unit volume, so using Equipartition,

ner Ou  ne*r

Jy = E=0E (58)

m Ox m

where o is the Drude model conductivity. Here, to get real system conductivity, we need
to account for 7 not being constant, and fy = Fermi-Dirac distribution, in which case

Jy = eE/ 7v26(e — er)D(ef)de (59)
0
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Appendix G: Drawback of this approach

To calculate conductivity using Boltzmann equation, we need the band structure e(k).
But for highly random alloys, the individual bands may not be well defined.
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Figure 5: Random Ga(N, P) EBS taken from Popecu and Zunger, PRL 104, 236403 (2010)
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Appendix H: Quasi 1D system - Landauer Formula [Kittel Chapter 18]

Consider a system where L,,L, < L,. A po-
tential AV has been applied to the system. The
current can then be written as

22
l=eAnv=e® Dp W=V  (60)
~—

h
~1/Ve

The conductance for this system is constant, if
we assume perfect transmission. Otherwise, we
will have

2¢e?
ij

Figure 6: Applying a potential V

where i, j represent the channels, or eigenstates
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