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Agenda

Brief introduction to Coherent Potential Approximation (CPA).
Expressing Kubo-Greenwood Equation using Green’s Functions.
Obtaining a Kubo-Greenwood based conductivity expression within CPA formalism.
CPA Results
Cluster Averaged CPA (CA-CPA)
CA-CPA conductivity
Tests and limitations
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Coherent Potential Approximation (CPA)
[Györffy 1972, Stocks 1978]

Replace random alloy with an effective medium that mimics the ensemble average

Multi-element alloy (several configurations) −→ Single element crystal (one
configuration)
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Single-Site Approximation

Assume complete randomness.
Species probability distribution ≡ global concentration

c1 c2

In terms of t and τ -matrices

τnnCPA(E ) =
∑
α

cατ
nn
α (E ) (1)

τnnα (E ) =
[
1 + τnnCPA(E )(t−1

α (E )− t−1
CPA(E ))

]−1
τnnCPA(E ) (2)
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Single-Site CPA - A few more definitions

We can define

Dnn
α (E ) =

[
1 + τnnCPA(E )(t−1

α (E )− t−1
CPA(E ))

]−1 (3)

D̃nn
α =

[
1 + (t−1

α (E )− t−1
CPA(E ))τnnCPA(E )

]−1 (4)

The CPA condition can then be expressed as
∑

cαD
nn
α (E ) = 1. Additionally,

Dnn
α (E ) = 1 + τnnCPA(E )xnnα (E ) (5)

D̃nn
α (E ) = 1 + xnnα (E )τnnCPA(E ) (6)

The CPA condition can also be expressed as
∑

α cαx
nn
α (E ) = 0, or 〈x〉 = 0.
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Conductivity from First Principles

There are different approches to calculating conductivity from first principles
Boltzmann Transport Equation
Landauer Formula
Kubo-Greenwood Formula
Non-equilibrium approaches
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Kubo and Kubo-Greenwood Formulas [Kubo 1957]

Considering Hamiltonian H = H0 − e
∑

k Ek rk , and using linear response theory
(Jµ = Re

[
σµν(ω)E 0

ν e
iωt
]
), we can express the conductivity at T = 0 as

σµν(ω) =
V

~ω

∫ ∞
0

dt
〈

[Ĵν(0), Ĵµ(t)]
〉

0
e−iωt (7)

where Ĵ is the current operator, V is the system volume and ω is the frequency of the
E-field. For ω = 0 (DC), it can be shown that

σµν(εF ) =
π~
NΩ

〈∑
α,α′

〈α|jµ|α′〉〈α′|jν |α〉δ(εF − εα)δ(εF − εα′)

〉
ensemble

(8)

where |α〉, |α′〉 are eigenstates of the unperturbed Hamiltonian, the number of atoms is
N and Volume per Atom is Ω.
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Kubo-Greenwood Formula using Green’s Functions

We want

σµν(εF ) =
π~
NΩ

〈∑
α,α′

〈α|jµ|α′〉〈α′|jν |α〉δ(εF − εα)δ(εF − εα′)

〉
(9)

in terms of Green’s Functions. Let’s use∑
α

|α〉〈α|δ(εF − εα) = − 1
π

lim
δ−→0

Im G (εF + iδ) (10)

|α〉δ(εF − εα) = − 1
π

lim
δ−→0

Im G (εF + iδ)|α〉 (11)

This gives us

σµν(εF ) =
~

πNΩ
lim
δ−→0

Tr 〈jµImG (εF + iδ)jνImG (εF + iδ)〉 (12)

We now need to deal with the imaginary terms
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Imaginary Part

Use
lim
δ−→0

Im G (εF + iδ) =
1
2i

lim
δ−→0

[G (εF + iδ)− G (εF − iδ)] (13)

This gives us

σµν(εF ) = − ~
4πNΩ

lim
δ−→0

[σ̃µν(εF + iδ, εF + iδ) + σ̃µν(εF + iδ, εF − iδ) (14)

+σ̃µν(εF − iδ, εF + iδ) + σ̃µν(εF − iδ, εF − iδ)] (15)

where
σ̃µν(z1, z2) = − ~

πNΩ
Tr〈jµG (z1)jνG (z2)〉 (16)

From this point, whenever we refer to conductivity, we are talking about σ̃.
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Calculating σ̃ - Position Basis

In position basis

σ̃µν(z1, z2) = − ~
πNΩ

∫
d3r d3r ′〈jµ(r)G (r , r ′, z1)jν(r ′)G (r ′, r , z2)〉 (17)

Using

G (rn, rn,E ) =
∑
LL′

Zn
L (rn,E )τnnLL′(E )Zn•

L′ (rn,E ), jµ(r) = − i~e
me

∂

∂rµ
, (18)

we can write

σ̃µν(z1, z2) = − ~
πNΩ

∑
mn

∑
L1L2L3L4

〈JmµL4L1
(z2, z1)τmn

L1L2
(z1)JnνL2L3

(z1, z2)τnmL3L4
(z2)〉 (19)

where
J iαLL′(z , z

′) = − i~e
me

∫
Ωm

d3r Zm•
L (r , z)

∂

∂rα
Zm
L′ (r , z ′) (20)
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Solving Approaches [Butler 1985]

Reprinting expression

σ̃µν(z1, z2) = − ~
πNΩ

∑
mn

∑
L1L2L3L4

〈JmµL4L1
(z2, z1)τmn

L1L2
(z1)JnνL2L3

(z1, z2)τnmL3L4
(z2)〉 (21)

Now we have three approaches available to us
1 Calculate σ̃ for a supercell (computational intensive, impractical)
2 Using an effective medium (Coherent Potential Approximation)
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CPA Conductivity - Translational Symmetry

We want to express

σ̃µν(z1, z2) = − ~
πNΩ

∑
mn

∑
L1L2L3L4

〈JmµL4L1
(z2, z1)τmn

L1L2
(z1)JnνL2L3

(z1, z2)τnmL3L4
(z2)〉 (22)

within CPA. First, we can write the sum as

σ̃µν(z1, z2) = − ~
πNΩ

∑
m=0
n

+
∑
m=1
n

+ · · ·

 〈JmµL4L1
(z2, z1)τmn

L1L2
(z1)JnνL2L3

(z1, z2)τnmL3L4
(z2)〉

(23)
The CPA medium is uniform and has translation symmetry.

σ̃µν(z1, z2) = − ~
πΩ

∑
n

∑
L1L2L3L4

〈J0µ
L4L1

(z2, z1)τ0n
L1L2

(z1)JnνL2L3
(z1, z2)τn0L3L4

(z2)〉 (24)
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Methodology

How to introduce CPA terms into σ̃µν? Use

τ = τCPA + τCPAT τCPA (25)

where T , which represents excess scattering can be written in terms of the following
series

Tmn = xmδmn +
∑
p 6=m

xmτmp
CPAT

pn (26)

Averaging and ignoring some correlations

〈Tmn〉 = 〈xm〉δmn +
∑
p 6=m

〈xm〉τmp
CPA〈T

pn〉 (27)

Note that 〈xm〉 = 0 for a CPA site and 〈xm〉 = xα is site m is constrained to be of
species α. This equation is applied repeatedly to get the final expression.
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Final Expressions

We can write σ̃ = σ̃0 + σ̃1, where

σ̃1
µν(z1, z2) = − ~

πΩ

∑
αβ

cαcβ J̃
αµ
L4L1

(z2, z1)

 (1− χω)−1︸ ︷︷ ︸
Vertex Correction

χ


L1L4L2L3

J̃βνL2L3
(z1, z2)

where

χ(L1L4),(L2,L3)(z1, z2) =
1

ΩBZ

∫
d3k τL1L2(k , z1)τL3L4(k , z2)− τL1L2(z1)τL3L4(z2) (28)

ω(L1L4),(L2,L3)(z1, z2) =
∑
α

cαx
α
L1L2

(z1)xαL3L4
(z2) (29)

J̃αµL4L1
=
∑
LL′

D̃α
L4LJ

αµ
LL′D

α
L′L1

, 1 ≤ Li ≤ (lmax + 1)2 (30)

Note that these are fourth order tensors and we need to express them in terms of
second order.
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Vertex Corrections [Butler 1985]

The ω matrix can also be approximated as

ω(L1L4),(L2L3)(z1, z2) = 〈xL1L2(z1)xL3L4(z2)〉 ≈ 〈xL1L2(z1)〉〈xL3L4(z2)〉 = 0 (31)

This results in (1− χω)−1 ≈ 1 - the vertex correction term gets neglected in this
approximation. Physical intuition for this can be gained by looking at the Boltzmann
equation

eEvνq
∂f

∂εq
=
∑
qq′

Pqq′(g
ν
q − gνq′) (32)

Ignoring vertex corrections is the same as ignoring the "scattering-in" term (second on
the RHS).
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Compressed Indices

We can combine two angular momentum indices into 1 in order to simplify calculations

σ̃1(z1, z2) = − ~
πΩ

∑
αβ

cαcβ J̃
αµ

KT
1

(z2, z1)
[
(1− χω)−1χ

]
K1K2

J̃βνK2
(z1, z2)

where KT
1 = (L4L1),K1 = (L1L4),K2 = (L2L3). Now the χ and ω matrices are second

order tensors
χ(L1L4)(L2,L3) ≡ χK1K2 , ω(L1L4),(L2L3) ≡ ωK1K2 (33)

where
1 ≤ Ki ≤ (lmax + 1)4 (34)

K1 = (lmax + 1)2(L1 − 1) + L4, K2 = (lmax + 1)2(L2 − 1) + L3 (35)
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CuZn Resistivity

alloys are annealed so that short-ranged order is induced.60
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FIG. 2: The resistivity of CucZn1−c alloys as a function of c, concentration. The full (red) line

with crosses shows the calculations when no SRO is included.(These are nearly indistinguishable

from the CPA results (green line)). The (green) line with asterisks shows the NLCPA results when

SRO is included and the square boxes (light blue line) show results when short-ranged clustering is

included. Results are also shown where the vertex corrections have not been included: full (yellow)

line with plus signs - NLCPA results for no SRO, (the dashed line shows the CPA results); lines

with diamonds - NLCPA results including SRO; and lines with triangles - NLCPA results including

short-ranged clustering.

We have also investigated the effect of short-range order on AgcPd1−c alloys by once more

choosing configurational weights such that the number of like neighbours is minimised for

each concentration. Figure 3 contains the results. The effect of SRO is less than that found

in CuZn. Below c = 0.3 the effect is negligible whereas for larger concentrations short-range

order depresses the resistivity a little showing how the current is enhanced on a site when

surrounded by unlike neighbors. Experimental measurements on AgcPd1−c alloys find that

annealing has a smaller effect58? than in CucZn1−c in line with our calculations. It is also

18
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Figure 1: LHS is a numerically obtained plot from Tulip et al, 2008. The dashed black line is the
single-site CPA resistivity. RHS is a MuST calculation, done at 96x96x96 Kpoints using LDA
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AgPd Resistivity
disordered transition metal alloys can be reliably described. The good agreement between

our NLCPA results and those from the well established CPA method for these alloys where

no short-range order is present is a very satisfactory first test of the new formalism.
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FIG. 1: The resistivity of randomly disordered alloys AgcPd1−c alloys as a function of concen-

tration c. The full lines are the NLCPA results (pink (green) lines with squares(diamonds) show

those without (with) vertex corrections). The dashed curves show the CPA results (long dashes

(dots) - without (with) vertex corrections). The experimental results of Guenault58 are shown for

comparison (full blue lines with filled circles).

VIII. THE EFFECTS OF SRO ON RESISTIVITY.

Many properties of alloys such as resistivity are affected by short-range order. Indeed

resistivity measurements are often used to monitor the changes in SRO which occur in an-

nealing processes. If an alloy undergoes defect annealing after having been cold-worked there

are significant changes in its physical properties owing to microstructural changes. For tech-

nical applications it is important to know what these changes are so that physical properties

16
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Figure 2: LHS is numerically obtained from Tulip et al, 2008 (except the blue line, which is
experimental [Guenhault 1974]). The black dashed line is single-site resistivity. RHS is a MuST
calculation at 60x60x60 Kpoints using LDA
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AuPd Resistivity

Electron transport in disordered alloys. 11 113 

directions in the zone. Obviously, the major contribution to the electrical conductiv- 
ity comes from the parts of the Brillouin zone near the X point (centres of the 
quadratic faces of the Brillouin zone). The conductivity density rapidly decreases 
as one moves away from the X point. 

3.4. Composition-dependent conductivity 

3.4.1. Total resistivity 

3.4.1 . l .  Experimental duta. The experimental residual resitivities for the disordered 
alloy systems Cu-Pd, Ag-Pd and Au-Pd (i.e. the low-temperature resistivity extra- 
polated to T = 0) are shown in fig. 6 (broken curves). Whereas for Ag-Pd and Au-Pd 
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1985), Ag-Pd (Coles and Taylor 1962) and Au-Pd (Rowland et NI. 1974)) residual 
resistivities of the disordered alloy systems Cu-Pd, Ag-Pd and Au-Pd. For Cu-Pd, 
only one experimental low-temperature value is given; the overall concentration 
dependence has been extrapolated from room-temperature measurements (- - - - - -). 
Non-relativistic (n.re1.). scalar relativistic (s.re1.) and fully relativistic (rel.) results are 
given. 
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Figure 3: LHS is a plot taken from Banhart 1998. The line consisting of empty dots is the
non-relativistic single-site CPA resistivity. RHS is a MuST calculation done at 60x60x60
Kpoints using LDA.
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CuPd Resistivity

Electron transport in disordered alloys. 11 113 

directions in the zone. Obviously, the major contribution to the electrical conductiv- 
ity comes from the parts of the Brillouin zone near the X point (centres of the 
quadratic faces of the Brillouin zone). The conductivity density rapidly decreases 
as one moves away from the X point. 

3.4. Composition-dependent conductivity 

3.4.1. Total resistivity 

3.4.1 . l .  Experimental duta. The experimental residual resitivities for the disordered 
alloy systems Cu-Pd, Ag-Pd and Au-Pd (i.e. the low-temperature resistivity extra- 
polated to T = 0) are shown in fig. 6 (broken curves). Whereas for Ag-Pd and Au-Pd 
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Figure 4: LHS is a plot taken from Banhart 1998. The line consisting of empty triangles is the
non-relativistic single-site resistivity. RHS is a MuST calculation done at 60x60x60 Kpoints
using LDA.
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Cluster Averaged CPA*

Embed an averaged cluster.

Cluster ⇒ central atom +
averaged neighbor atoms.

For central atom of species α,

t̄α(E ) =
∑
β

wαβtβ(E ) (36)

wαβ ⇒ chemical SRO parameters

c1

w11

c2

w12

w21 w22

(* Alternative techniques include ECM-CPA, Non-Local CPA, and others)
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Energy Analysis - CuZn
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SRO Parameter w
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Single Site CPA

One independent SRO parameter
w = wCu−Cu. Parameter matrix

W =

[
w 1− w

1− w w

]
. (37)

Self-consistency does not
significantly affect the energy in
this case
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CA-CPA Conductivity Expression

In this case, we can write σ̃ = σ̃0 + σ̃1, where

σ̃1(z1, z2) = − 1
πΩ

∑
αβ,lmzr

cαcβ J̃
αµ,ml
L4L1

(z2, z1)
[
(1− χω)−1χ

]lmzr

L1L4L2L3
J̃βν,zrL2L3

(z1, z2) (38)

where

χlmzr
L1L4,L2L3

(z1, z2) =
1

ΩBZ

∫
d3k τL1L2(k , z1)τL3L4(k , z2)e ik·(Rl−Rz+Rr−Rm) − τ lzL1L2

τ rmL3L4

ωlmzr
L1L4,L2L3

(z1, z2) =
∑
α

cαx
α,lz
L1L4

(z1)xα,rmL2L3
(z2) (39)

J̃αµ,ml
L4L1

(z1, z2) =
∑
L,L′

D̃α,m0
L4L

JαµLL′(z1, z2)Dα,0l
L′L1

(40)

1 ≤ Li ≤ (lmax + 1)2, 1 ≤ l ,m, z , r ≤ NΓ (41)
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CA-CPA Compressed Indices

The expression can be simplified into

σ̃1(z1, z2) = − 1
πΩ

∑
αβ

cαcβ J̃
αµ

CKT
1

(z1, z2)
[
(1− χω)−1χ

]
CK1CK2

J̃βνCK2
(z1, z2) (42)

where CKT
1 = ((m, l), (L4L1)),CK1 = ((l ,m), (L1, L4)),CK2 = ((z , r), (L2L3))

χlmzr
L1L4,L2L3

≡ χCK1,CK2 , ω
lmzr
L1L4,L2L3

≡ ωCK1,CK2 (43)

The relationship between the two index styles are

CK1 = (lmax + 1)4(NΓ(l − 1) + m − 1) + (lmax + 1)2(L1 − 1) + L4 (44)

CK2 = (lmax + 1)4(NΓ(z − 1) + r − 1) + (lmax + 1)2(L2 − 1) + L3 (45)

1 ≤ CKi ≤ N2
Γ(lmax + 1)4 (46)
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Comparison with NL-CPA conductivity expression

The conductivity expression for NL-CPA (which is another cluster based technique to
incorporate SRO) is very similar to our expression
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Sanity Check - CuZn

1 Set NΓ = 1 and compare
with single-site CPA

2 Set all neighbor atoms
as CPA and compare
with NΓ = 1 case.

For further testing, we would
want to set wαβ = cβ and see
if it matches CPA conductivity
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CA-CPA, with NΓ = 1
NΓ = 9, with CPA neighbors

8x8x8 Kpoints, ASA, lmax = 3
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Computational Limitations

The SRO calculation is significantly more time consuming

CPA Calculation at 8x8x8 SRO Calculation at 8x8x8
∼ 30 seconds ∼ 14 hours

This is a problem as we need to use atleast a million kpoints to get convergent
conductivity values for CuZn.
Additionally, memory usage is very high for SRO calculation. For NΓ = 9, the program
requires about 80 GB of memory (and 360 GB for NΓ = 13, which is the first neighbor
cluster for an FCC system)
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Possible Approaches

1 Reduce cluster size - use NΓ = 3 or 4, instead of using the entire first neighbor shell
2 Identify systems that need fewer K-points to get a converged conductivity value
3 There are many independent loops and can be parallelized to gain speed.

Additionally, the large arrays can be broken up into smaller segments and stored on
different processors.
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Summary

1 The Kubo-Greenwood equation can be expressed in terms of Green’s Functions
and MS Path Operators.

2 The KG conductivity equation can be adapted to the CPA formalism.
3 CA-CPA can deal with SRO within CPA.
4 KG conductivity can be adapted to CA-CPA, but there are some computational

limitations.
In the future, we plan to implement relativistic versions of the conductivity expressions,
so that we can study spin transport (and exotic properties like anomalous hall effect)

Most of the single-site CPA conductivity theory comes from the following paper - W. H.
Butler, Phys. Rev. B 31, 3260 (1985)

Thank you!
Any questions?
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Appendix A: Kubo-Greenwood using Green’s Functions

Starting with Kubo-Greenwood

σµν(εF ) =
π~
NΩ

〈∑
α

〈α|jµ

(∑
α′

|α′〉〈α′|δ(εF − εα′)

)
jν [|α〉δ(εF − εα)]

〉
(47)

Simplifying

σµν(εF ) =
~

πNΩ
lim
δ−→0

〈∑
α

〈α|jµImG (εF + iδ)jνImG (εF + iδ)|α〉

〉
(48)

Replacing the sum with trace, we can write

σµν(εF ) =
~

πNΩ
lim
δ−→0

Tr 〈jµImG (εF + iδ)jνImG (εF + iδ)〉 (49)
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Appendix C: Species τ matrix (Obtaining CPA medium)

Previously it was mentioned that for the single-site approximation

τnnCPA(ε) =
∑
α

cατ
nn
α (50)

For a CPA medium with a single substitutional defect of species α, the τ -matrix can be
written as

τnnα (ε) =
[
1 + τnnCPA(ε)(t−1

α (ε)− t−1
CPA(ε))

]−1
τnnCPA(ε) (51)

The CPA τ -matrix can be written as a fourier transform

τnmCPA(ε) =
1

ΩBZ

∫
d3k

[
t−1
CPA(ε)− g(k , ε)

]−1
e ik·(Rn−Rm) (52)

(50), (51) and (52) can be solved self-consistently to get the single-site CPA medium
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Appendix D: Performing CA-CPA calculations

The averaged cluster can be represented using block T -matrix. If the central atom is of
species α, the matrices Tα and TCPA is given by

TCPA(E ) =



tCPA(E ) 0 0 0 · · · 0
0 tCPA(E ) 0 0 · · · 0
... 0 tCPA(E ) 0 · · · 0
...

... 0
. . . · · · 0

...
...

...
...

. . .
...

0 0 0 0 · · · tCPA(E )


Tα(E ) =



t̄α(E ) 0 0 0 0 0 · · ·

0
. . . . . . · · · · · · · · · 0

...
. . . t̄α(E ) 0 · · · · · · 0

...
... 0 tα(E ) 0 · · · 0

...
...

... 0 t̄α(E )
. . .

...
...

...
...

...
. . . . . . 0

0 0 0 0 0 0 t̄α(E )


The τ -matrix for a cluster embedded CPA medium is given by

τnnCPA(ε) =
([

1 + τCPA(ε)(T−1
α (ε)− T−1

CPA(ε))
]−1

τCPA(ε)
)nn

(53)

(53), (52) and (51) can be combined to form a self-consistent CA-CPA algorithm
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Appendix E: Boltzmann Transport Equation [Kittel, Appendix F]

If the system has a distribution function f0(t, r ,p), and due to collisions, becomes
f (t + dt, r + dr ,p + dp), then

df

dt
=
∂f

∂t
+ v · ∇r f + a · ∇v f ≈ −

f − f0
τ

(54)

This is the Boltzmann Transport Equation. For a concentration gradient along i , we
can write, in steady-state,

f = f0 − τvi
∂f

∂ri
≈ f0 − τvi

∂f0
∂ri
≈ f0 − τvi

∂f0
∂µ

∂µ

∂ri
(55)

The particle flux density in direction j is given by

Jj =

∫ ∞
0

vj fD(ε)dε ≈ −∂µ
∂ri

∫ ∞
0

τvivj
∂f0
∂µ

D(ε)dε (56)
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Appendix F: Simple Case - Drude Model

Consider f0 = e−β(ε−µ), i = j = x , and τ constant, then current is given by

Jx = eτβ
∂µ

∂x

∫ ∞
0

v2
x f0D(ε)dε = eτβ

∂µ

∂x
〈v2

x 〉 (57)

Here we want 〈v2
x 〉 for all particles in unit volume, so using Equipartition,

Jx =
neτ

m

∂µ

∂x
=

ne2τ

m
E = σE (58)

where σ is the Drude model conductivity. Here, to get real system conductivity, we need
to account for τ not being constant, and f0 ≡ Fermi-Dirac distribution, in which case

Jx = eE

∫ ∞
0

τv2
x δ(ε− εF )D(εF )dε (59)
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Appendix G: Drawback of this approach

To calculate conductivity using Boltzmann equation, we need the band structure ε(k).
But for highly random alloys, the individual bands may not be well defined.

range consist of an overlap of many different ~k states. In
contrast to CB1, the valence bands and the second conduc-

tion band (CB2), have narrower ~k-dependent widths for all
~k’s, throughout the whole composition range. Our unfold-
ing procedure allows one to observe the way various
physical factors in the polymorphous representation trans-
late into band-dispersion and broadening in the primitive
cell description. For example, repeating the calculations
for the In0:5Ga0:5N alloy of Fig. 2(c) but using unrelaxed,
ideal fcc positions in the original SC, revealed that relaxa-
tion alone reduces the broadening of the upper valence
band by a factor of 3 relative to the unrelaxed case (not
shown), and creates a rather sharp SF at the ! point.

Since the (In,Ga)N alloy exhibits a well-defined EBS,
one can calculate EBS-derived effective quantities. We
show in Fig. 2(f) the composition dependence of the m!!

for electrons and holes at the ! point. For both type of
carriers m!! has a monotonic, linear dependence on xIn.
Because in the case of the valence band our procedure
implies an average over three unresolved bands, we obtain
that the hole m!! of pure binaries lies between the actual
m! calculated directly from the band structure [open sym-
bols in Fig. 2(f)].

The strongly perturbed P-dilute GaN:P system reveals
impurity band development.—The mixed-anion zinc-
blende system Ga(N,P) typifies a strongly perturbed alloy
[22,23], having a large valence band offset of 1.71 eV and
lattice misfit (20%) [20]. Figure 3(a) shows that vanish-
ingly small amounts of P in GaN lead to a strongly local-
ized (t2-like) level in the gap [24] evolving with increasing
composition into an impurity band (IB).

The ~k-resolved spectral functions of the IB ( ~k-resolved
densities of states), show the following characteristics:
(i) the maximum in each SF appears at the energy center
of the IB, with its center of gravity being pinned in energy
and varying very little with P composition; (ii) above and
below the center of the IB one observes discrete levels, as
the ones labeled E1 and E2 in Fig. 3(a); (iii) the !-SF is the
dominant component, followed by a fast decay for the
wave vectors near the zone edge. All these features are
typical signatures of the disordered-driven, Anderson lo-
calization model [25]. The discrete levels above and below
the center of gravity of the IB are due to localized states
caused by various P-P pairs, as shown by the wave function
plots in Fig. 4. We identify here the first-neighbor PP1 and
the fourth-neighbor PP4 pairs, which are deeper for smaller
P-P separations.
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Figure 5: Random Ga(N, P) EBS taken from Popecu and Zunger, PRL 104, 236403 (2010)
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Appendix H: Quasi 1D system - Landauer Formula [Kittel Chapter 18]

Figure 13 (a) The net current propagating between two reservoirs for an applied bias voltage dif- 
ference V, - V,. (b) Schematic representation of transmission probability 3 and reflection proba- 
bility !I? from a barrier in the channel, where 3 + !I? = 1. 

Remarkably, in 1D the velocity exactly cancels with the density of states to 
create a current that depends only on the voltages and fundamental constants. 
The two-terminal conductance I/V and resistance V/I are then 

A perfectly transmitting one-dimensional channel has a finite conductance 
whose value is the ratio of fundamental constants. This is called the conduc- 
tance quantum GQ; its inverse is called the resistance quantum RQ. While 
derived here in the effective mass approximation, it is true for a 1D band of 
arbitrary dispersion. 

The quantization of conductance is dramatically illustrated in the data in 
Fig. 14. A short quasi-1D channel is formed between two regions of a 2D elec- 
tron gas in a GaAs/AlGaAs heterostructure. As the carrier density of the chan- 
nel is increased, the conductance increases in discrete steps of height 2e2/h. 
Each step corresponds to the occupancy of an additional 1D subband in the 
wire. Conductance quantization is also observed in atomic-scale bridges be- 
tween macroscopic metals. 

If the channel is not perfectly conducting, the overall conductance is the 
quantum of conductance times the probability 3(+) for electron transmission 
through the channel (Fig. 13): 

Figure 6: Applying a potential V

Consider a system where Lx , Ly � Lz . A po-
tential ∆V has been applied to the system. The
current can then be written as

I = e∆nv = e2 DR︸︷︷︸
∼1/
√
ε

Vv =
2e2

h
V (60)

The conductance for this system is constant, if
we assume perfect transmission. Otherwise, we
will have

G =
2e2

h

∑
ij

Tij (61)

where i , j represent the channels, or eigenstates
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